


















A Generalization of Shannon-Someya’s Sampling Theorem by




Abstract. We generalize Shannon-Someya’s sampling theorem by using the theory
of Sato’s Hyperfunctions. Moreover we will clarify the relationship between Shannon-
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$[-a, a]$ $\chi_{[-a,a]}(\xi)$ ( t)
$f(t),g(t)$ (convolution) $(f*g)(t)= \int_{-\infty}^{+\infty}f(y)g(t-y)dy$
$(\overline{f*g})(\xi)=\hat{f}(\xi)\hat{g}(\xi)$ ( )
$f(t)= \frac{\sin at}{\pi t}$ $\hat{f}(\xi)=\chi_{[-a,a]}(\xi)$ $[-a, a]$ (
) ( )
Heaviside $H(\xi)$
$(f* \frac{1}{t+i0})(t)=\int_{\mathbb{R}}\frac{f(t)}{x-t+iO}dt$ $=(-2\pi i)\hat{f}(\xi)H(\xi)$






1( Hyperfun$\mathfrak{c}$tion ([10], [12], [13])
$[a, b]$ $g(z)$
$\lim_{yarrow 0}(g(x+iy)-g(x-iy))=g(x+i0)-g(x-iO)$
$[a, b]$ (Hyperfunction) $g(z)$
( ),
3.1
1( $\delta(x)$) $\frac{-1}{2\pi iz}$
$\delta(x)=\frac{-1}{2\pi i}\lim_{yarrow 0}(\frac{1}{x+iy}-\frac{1}{x-iy})=\frac{-1}{2\pi i}(\frac{1}{x+i0}-\frac{1}{x-i0})$
2 $( [a, b] \chi_{[a,b]}(x)$) $g(z)$ $\log\frac{z-b}{z-a}$
$\chi_{[a,b]}(x)=\underline{-1}\lim(g(x+iy)-g(x-iy))$
$2\pi iyarrow 0$





$[a, b]$ $T(x)$ $H_{T}(z)$ ( )f(t)
$\frac{-1}{2\pi i}\int\frac{f(t)}{z-t}dt$





4 ( (Legendre) [61)
$P_{n}(z)$ $n$ Legendre $Q_{n}(z)$ 2 $n$ Legendre $P_{n}(z)$
Legendre $Q_{n}(z)$
$(1-z^{2}) \frac{d^{2}u}{dz^{2}}-2z\frac{du}{dz}+n(n+1)u=0$
$P_{0}(z)=1,$ $P_{1}(z)=z,$ $P_{2}(z)= \frac{1}{2}(3z^{2}-1)$
$P_{n}(z)$ $Q_{n}(z)$




3 $K=[a, b]$ $K$
$H(K)$ $K$ $H_{0}(\mathbb{C}\backslash K)$ $K$




$T$ Fourier-Laplace $\overline{T}(z)$ $\overline{T}(z)=<T_{\zeta},$ $e^{-iz\zeta}>$
5( )
$P_{n}(z)$ $n$ Legen $e$ $<T_{t}, \phi(t)>=\int_{-1}^{1}P_{n}(t)\phi(t)dt$
$\tilde{T}(z)=2i^{n}j_{n}(-z)$ , $o_{n}(z)$ $n$ )
6( )
$T(x)= \perp 2\pi i(\frac{e^{\frac{1}{x+i0}}}{x+i0}-\frac{e^{\frac{1}{x-i0}}}{x-i0})$
Lippmann-Schwinger ([101, [12] $)$
$\frac{1}{(x+i0)^{n+1}}=\frac{1}{x^{n+1}}-\frac{(-1)^{n}}{n!}\pi i\delta^{(n)}(x)$ , $\frac{1}{(x-i0)^{n+1}}=\frac{1}{x^{n+1}}+\frac{(-1)^{n}}{n!}\pi i\delta^{(n)}(x)$
$T(x)= \sum_{n=0}^{\infty}\frac{(-1)^{n+1}}{(n!)^{2}}\delta^{(n)}(x)$
$<T, \phi>=\frac{1}{2\pi i}\oint e^{\frac{1}{\zeta}}\phi(\zeta)\frac{d\zeta}{\zeta}$
$T$ Fourier-Laplace $\tilde{T}(z)$ $J_{0}(2\sqrt{iz})$ , ($J_{0}(z)$ $0$ )
$\overline{T}(z)=J_{0}(2\sqrt{iz})$
$\forall\epsilon>0,$ $\exists C_{\epsilon}>0$, s.t.












2. $\forall\epsilon>0,$ $\exists C_{\epsilon}>0s.t.$
$|f(z)|\leq C_{\epsilon}\exp(\epsilon|z|)$ , $(\forall z\in \mathbb{C})$
Paley-Wiener
$f(z)=\overline{T}(z)$ $T$




































$\frac{\pi}{\sin\pi z}$ $\frac{\pi}{\sin\pi z}=\sum_{n=-\infty}^{\infty}\frac{(-1)^{n}}{z-n}$




















$\int_{0}^{\infty}u^{z-1}\{\sum_{n=0}^{\infty}f(n)(-u)^{n}\}du=\int_{0}^{\infty}\frac{u^{z-1}}{1+u}du=\frac{\pi}{s\dot{m}(\pi z)}=\frac{\pi f(-z)}{\sin(\pi z)}$




$= \frac{\pi}{\Gamma(1-z)\sin(\pi z)}=\frac{\pi f(-z)}{\sin(\pi z)}$
51
13 $f(z)=P_{z}(\cos\theta)$
$\int_{0}^{\infty}u^{z-1}\{\sum_{n=0}^{\infty}P_{n}(\cos\theta)(-u)^{n}\}du=\int_{0}^{\infty}\frac{u^{z-1}}{\sqrt{1+2u\cos\theta+u^{2}}}du=\frac{\pi P_{-z}(\cos\theta)}{\sin(\pi z)}=\frac{\pi f(-z)}{\sin(\pi z)}$
Dirichlet-Mehler l) ([6]).
6.2




$\overline{T}(z)=f(z)$ $T\in H’([-b, b])$
$\sum_{n=0}^{\infty}f(n)(-u)^{n}=\sum_{n=0}^{\infty}<T_{t},$ $e^{-int}>(-u)^{n}=<T_{t},$ $\sum_{n=0}^{\infty}(-ue^{-it})^{n}>=<T_{t},$ $\frac{1}{1+ue^{-it}}>=$
$G_{T}(-u)$ .
$\int_{0}^{\infty}u^{z-1}G_{T}(-u)du=$ $\int_{0}^{\infty}u^{z-1}\{\sum_{n=0}^{\infty}f(n)(-u)^{n}\}du=\int_{0}^{\infty}u^{z-1}<T_{t},$ $\frac{1}{1+ue^{-it}}>du$




$\{a(n)\}_{n\in Z}$ $\sum_{n=-\infty}^{\infty}a(n)z^{-n}$ $\{a(n)\}_{n\in Z}$
$Z$ ([14]). (Laurent)













([1], [3]) $0\leq b<\pi$ $T$ $K=[-b, b]$
1. $G_{T}(w)\in H(\mathbb{C}\backslash \exp(iK))$
2. $G_{T}(w)= \sum_{n=0}^{\infty}\overline{T}(n)w^{n},$ $(|w|<1)$ ,
3. $G_{T}(w)=- \sum_{n=0}^{\infty}\overline{T}(-n)w^{-n},$ $(|w|>1)$ ,
4. ( )
$\overline{T}(z)=\frac{-1}{2\pi i}\int_{C}G_{T}(w)w^{-z-1}dw$
$C$ $\exp(iK))=\{w\in \mathbb{C} :w=e^{i\theta}, |\theta|\leq b\}$
$(f(z)=\overline{T}(z))$
2’. $G_{T}(w)= \sum_{n=0}^{\infty}f(n)v\nearrow,$ $(|w|<1)$ ,
















$\forall\epsilon>0,$ $\exists C_{\epsilon}>0$ $s.t.$





$\int_{0}^{\infty}u^{z-1}G_{T}(-u)du=\frac{\pi f(-z)}{\sin(\pi z)},$ $(0<Re(z)<1)$ ,















[1] V. Avanissian and R. Gay : Sur une transformations des fonctionnlles analytiques et
ses applications auxfonctions entieres de plusieurs $\nu$ariables, Bull. Soc. Math. France
103(1975), p.341-384.
[2] B. C. Bemdt: Ramanujan‘s Notebooks, Springer Verlag, Heidelberg, Berlin, New York
Tokyo(1985)
[3] C. Berenstein and R. Gay: Complex Analysis andSpecial Topics in HarmonicAnalysis,
Springer Verlag(1995)
[4] W. Bertram: G\’eneralisation d’une formule de Ramanujan dans cadre de la transfor-
mation de Fourier spherique associee a la complexification d’un espace symmetrique
compact, C. R. Acad. Sci. Paris, t. 316, (1993), p.1161-1166.
[5] R.P. Boas: Entire Functions, Academic Press(1982)
[6] Erdelyi, Magnus, Oberhettinger and Tricomi: Higher Transcendental Functions Vol. $I,$
Mcgrawhi11(1953)
[7] G. H. Hardy: Ramanujan, Chelsea, New York (1978)
[8] Lars H\"ormander: The Analysis ofLinear Partial Differential Operators $I$, Springer Ver-
lag, Heidelberg, Berlin, New York Tokyo(1980)
[9] T. Kawai and T. Matsuzawa: On the boundary value $ofa$ solution ofthe heat equation,
Publ. RIMS. Kyoto Univ. 25(1989), 491-498
56
[10] : (1976),
[11] G. Polya and G. Szeg\"o: Aufgaben und Lehrsatz aus der Analysis, Springer-Verlag,
Berlin, (1925) Vol. $I,$
[12] : (1958), 1-27
[13] M. Sato: Theory ofHyperfunctions $I$, J. Fac. Sci. Univ. Tokyo Sect. $I$ , 8(1959), 139-193
[14] : (1988)
[15] K. Yoshino: Liouville type theoremfor entirefunctions ofexponential type,




[18] K. Yoshino: The relation among Shannon‘s sampling theorem, Ramanujan’s integral
formula and Plana’s summation formula, Complex Analysis and Potential Theory,
Proceedings of the Conference Satellite to ICM 2006 (Gebze Institute of Technology,
Turkey) (Tahir Aliyev $Azero\check{g}lu$ and Promarz M. Tamrazov eds.), World Scientific Pub-
lishing Co. Pte. Ltd (2007), p. 191-197.
[19] : 5 (2009), p. 54-55
[20] :
3 (2010), p. 1-21
57
